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Every convex subset A of a locally convex Hausdorff space (X, r) is equipped
with the o-algebra & generated by its r-relatively open subsets. Within the set
Q,(2) of probability measures on & two particular convex subsets are consid-
ered: (a) the set QL(2) of probability measures with a separable support, and
(b) the set Q5(2) of probability measures with a compact convex support. If A
is the base of a cone in X, then there exists an affine barycenter map from
Q5(2) onto A whose composition with the natural embedding of A in Q5(2)
yields the identity map on A, and every r-continuous affine transformation of A
can be represented by an affine transformation of Q5(2) that is induced by a
Markov kernel. If (X, ) is a Banach space and A is a closed, bounded, generating
cone base in X that is contained in a hyperplane, then analogous results are
obtained with respect to Q}(2). Since the state spaces considered in noncommu-
tative measure theory are cone bases and every change in time of an empirical
system can be thought of as an affine transformation of the associated state space
(Schrodinger picture), the existence of these representation theorems implies that
the time evolution of general empirical systems can be described by dynamical
concepts borrowed from classical probability theory.

1. INTRODUCTION

Noncommutative measure theory deals with measures on orthomodular
posets. It provides a frame that embraces classical measure theory, classical
probability theory, and quantum probability theory. Orthomodular posets
are used to describe the (logical) structure of general empirical systems,
including the ones from traditional quantum mechanics. If the structure of
an empirical system is represented by an orthomodular poset L, then the
states of the system can be represented by probability measures on L (Beltra-
metti and Cassinelli, 1981; Foulis and Randall, 1972; Gudder, 1979).
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With the above interpretational context in mind, we define a state space
as a nonempty convex set of probability measures on an orthomodular
poset. Our conceptual framework suggests that the dynamical behavior of an
empirical system can be described by transformations of the associated state
space. The minimal requirement these transformations ought to satisfy is
that they preserve mixtures (convex combinations) of states (which is
sufficient for them to be affine maps). This constitutes our definition of a
state space transformation.

Mathematically speaking, a state space A is a cone base in a real vector
space X. This is the mathematical framework in which we derive our results.
Instead of state space transformations, we shall thus rather speak of cone
base transformations. Choosing this more general setting, we can also accom-
modate the convexity approach to quantum mechanics taken by Ludwig
(1983/1985) and Mielnik (1974).

In order to represent cone base transformations by Markov kernels, we
assume that X is equipped with a locally convex Hausdorff topology 7 and
consider probability measures on the c-algebra £ of Borel subsets of A.
From a Bayesian point of view such probability measures can be interpreted
as credibilities, if A is a state space (Randall and Foulis, 1976). By Q.(2)
we denote the set of all probability measures on &, while Q3 (2), resp.
Qi(2), stands for the set of probability measures with a separable, resp.
compact convex, support. Every continuous cone base transformation 7 can
be assigned a Markov kernel Pr on AX Z as follows:

Pr(x, D)=1,(T(x)), xeA, DeZ
where 1p(x) denotes the indicato~r function of the set D. The kernel Pr
induces an affine transformation T of Q,(2) that maps Qi(2) and Q5(2)
into themselves.
For a complete representation we need to establish some sort of an

affine correspondence between the set A and a suitable convex subset of
Q.(2). The easiest way to do this is by means of the map

xeA Piy(x,+)

which embeds A in each of the sets Q,(2), Q5(2), and Qg (Z). This map is
affine in the sense that

f f(2)5<2 tixi) (dz)=3%, l,f S(2)6(x;) (dz)
A A

holds for all continuous linear functionals fon X, all xi, ..., x,€A, and all
ti,....t,eRwith Y ¢;=1and Y 1;x;€A. The canonical way of trying to map
Q.(2) into A is by assigning each @ €Q,(2) its barycenter functional j(®)
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in X *' (the algebraic dual space of X *). This functional is uniquely defined
by the condition

J(@)(f) =J f(2) w(dz)
A

for all continuous linear functionals fon X. If j(w) belongs to A (considered
as a subset of X*'), then w is said to have a barycenter x, in A.
We show that: (a) every @eQ5(2) has a barycenter in A; and (b) if
(X, 7) is a Banach space that is generated by a closed, bounded cone base
A, contained in a hyperplane, then every m€Q5(2) has a barycenter in A.
Moreover, we show that in each of these cases

T(X0) = XT(a) (*)

holds for all continuous cone base transformations 7 of A and ali
0 eQL(D) [case (a)], resp. weQL(D) [case (b)].

We apply these results to the state spaces of orthomodular posets and
their transformations. By Q(L) we denote the set of states on an orthomodu-
lar poset L. This set is compact in the product topology 7 of R”. Hence, if
A=Q(L), then every @ €eQ,(Z) has a compact support and thus a barycenter
X, in A and satisfies equation (). Although smaller state spaces A are usually
not compact in this topology, it is often possible to find a norm on lin(A)
such that X, the topology 7 induced by this norm, and A fit into setting (b).
For instance, this is true of the two state spaces formed by the o-additive,
resp. completely additive, elements of Q(L). In all examples associated with
traditional Hilbert space quantum mechanics, the state spaces A are even
separable in their respective norm-topologies, so that every ®eQ,(2) has a
barycenter in A and satisfies equation (%) with respect to any state space
transformation 7. Every such example is derived from a separable complex
Hilbert space H, by taking the lattice of orthogonal projections on H as the
orthomodular poset, the convex set of von Neumann density operators as
the state space A, and the trace-norm topology on A as 7.

Although the main concern of this paper is to show that the time
evolution of general empirical systems can be described in terms of dynam-
ical concepts borrowed from classical probability theory, some auxiliary
results might be of interest in their own right. We think in particular of the
results concerning barycenters of measures. Whereas boundary measures on
compact convex sets have been studied intensely (Alfsen, 1971), it seems
that less attention has been paid to more general measures on noncompact
convex sets. Our approach might be a small contribution to filling this gap.
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2. PRELIMINARIES

Let (L, <, ") be an orthocomplemented poset, #L > 1, and let the smallest
and largest elements of L be denoted by 0 and 1, respectively. A pair (p, q)
of elements of L is said to be orthogonal, denoted p 1 q, if p<g'. Notice that
the relation L is symmetrical. A subset 4 of L is said to be orthogonal if
p L g holds for all p, ge L with p+#4.

An orthomodular poset (OMP) is an orthocomplemented poset (L, <, )
satisfying: (i) if p L ¢, then p v ¢ exists; and (ii) if p<q, then g=pv (g Ap’)
(orthomodular identity).

An orthomodular poset (L, <, ), for which (L, <) is a lattice is called
an orthomodular lattice (OML). For more details see, e.g., Gudder (1979),
Kalmbach (1983), and Riittimann (1979).

We mention two important examples of orthomodular lattices:

1. Let (L, <) be a Boolean lattice, and let ': L — L be its uniquely
defined complementation map. Then (L, <, ) is an OML.

2. Let H be a complex Hilbert space, and let (&, <) be the lattice
formed by the closed subspaces of H. Then the triple (&, <, ), where ~
denotes the map assigning each Le.¥ its unique orthogonal complement, is
an OML.

Let (L{, <i,"") and (L,, <5, "”) be two orthomodular posets. A map
®: L, — L, satisfying (i) ®(1,)=1, and (i) if p L, g, then ®(p) L, ®(g) and
O(p v, 9)=D(p) v2 B(q), is called a homomorphism from (L,, <,,"") to
(Ls, <5,"®). Notice that, as a consequence of orthomodularity, a homo-
morphism @ preserves order and orthocomplementation as well. A homo-
morphism ®: L; — L, is called a c-homomorphism, resp. o-homomorphism,
if for all orthogonal, resp. countable orthogonal, subsets C of L, with supre-
mum in (L, <;), sup, ®(C) exists in (L,, <) and equals ®(sup; C). Conse-
quently, a c-homomorphism, resp. c-homomorphism, from (L, <, Y into
(L,, <»,”®) maps maximal orthogonal, resp. countable maximal ortho-
gonal, subsets of L, into maximal orthogonal subsets of L, (which may
contain 0,).

If (L, <,') is an orthomodular poset, then an element y of the vector
space R” is said to be a measure on L if p L g implies u(p v q) =u(p) +u(q).
The measures on L form a linear subspace of R”. A measure u is said to be
positive if u(p)=>0 for all pe L. By K(L) we denote the collection of positive
measures on L. Notice that the map L — 0 is an element of K(L). An element
u of K(L) with u(1)=1 is said to be a state or probability measure on L. By
Q(L) we denote the (convex) set of states. The linear space generated by
Q(L) is denoted by J(L). Its elements are called Jordan measures. Since Q(L)
is convex, K(L) equals R.Q(L)= {tu: ueQ(L), reR.} and J(L) equals
K(L)-K(L)y={c—p: p, ceK(L)}.
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A measure ¢ on L is said to be completely additive, resp. o-additive, if
for every maximal, resp. countable maximal, orthogonal subset 4 of L

u(1) =lim(u(sup B))geas,

where (47, =) denotes the collection of finite subsets of 4 directed by set
inclusion. By Q.(L), resp. (L), we denote the convex set formed by the
completely additive, resp. o-additive, states on L. For a more detailed treat-
ment of these measure-theoretic concepts we refer to Fischer and Riittimann
(1978) and Riittimann (1979, 1985).

3. MEASURES ON CONVEX SETS

Let X be a real vector space. A subset C of X is said to be convex, resp.
affine, if for all x, ye C and t€[0, 1], resp. teR, tx+ (1 —1#)y belongs to C. A
subset C of X is said to be positive if it contains 0 and sx + 7y belongs to C,
for all x, ye Cand s, teR . A positive subset C with Cn — C={0} is called
a cone. For every subset C of X we denote its convex, resp. affine, resp.
positive, hull by con(C), resp. aff(C), resp. pos(C). If C is nonempty and
convex then pos(C) equals R, C= {tx: xeC, teR. }. A convex subset C of
X is said to be a cone base if 0¢aff (C). Indeed, the positive hull of a convex
set Cis a cone if and only if C is a cone base.

For every subset C of X let acon{C)=con(Cu — C) (absolute convex
hull of C). If C is convex, then acon(C) coincides with the set
{soc—rp:p,0eC;r,seR,,r+s=1}. If Cis a nonempty convex subset of
X that generates X [i.e., X=1in(C)], then we may define the Minkowski
Sunctional poconccy(x) =inf{teR . : xetacon(C)}, which is a seminorm on X.

In the sequel we further assume that the space X carries a locally convex
Hausdorff topology 7. By X * we denote the topological dual space of (X, 1),
and X* will stand for the algebraic dual space of X*. We shall use the
symbol Jy to denote the canonical embedding map from X into X*',

From now on let A be a nonempty convex subset of X, and let 7, denote
the relative topology of 7 on A. If A is r-bounded (i.e., for each open
neighborhood U of 0 there exists 7> 0 such that tA< U), then every fe X *
maps A into a bounded subset of R. By 4.(A) we denote the vector space
of t5-continuous affine functionals on A [i.e., a map f: A - R belongs to
A[{A) if and only if it is TA-continuous and

flx+(A=0y)=tf(x)+ (1 -1 f(y)
for all x, yeA and all teR with tx+ (1 —¢)yeA]. For each fe X * the restric-
tion f]A belongs to 4.(A).

Let 2 denote the c-algebra on A generated by the t,-open subsets of
A, and let Q,(2) stand for the convex set of o-additive probability measures
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on 9. A standard argument shows that for every feX* the restriction f|A
is Z-measurable. For every xeA and each DeZ we define

5(x)(D)={1 if xeD )

0 if x¢D

Notice that 6(x)(D)=1p(x), where 1,(x) denotes the indicator function of
the set D. Clearly, §(x) belongs to Q,(2), for every xeA. Moreover, since
the topology 7 is Hausdorfl, the map §: A —» Q,(2) is injective.

For weQ,(2) and feX* we define

J(@)(f) =J J(x) w(dx) 2
A

provided the integral exists. If A is r-bounded, then (i) j(w)(f) is defined
for all weQ,(2) and feX *, (ii) (@) is a linear functional on X *, for every
@ €Q(D), and (iil) j: Qs(2) - X * is an affine map. It is easy to prove that,
for each xeA, j(8(x)) is defined as an element of X* and

Jx (x)=j(6(x)) (3

If weQ,(2) is such that j(w) is defined as an element of X *' which also
belongs to Jx(A), then we set

J(@)=x, 4)

where x,, is the unique element of A satisfying j(®)=Jx (x,). The element
X4, is called the barycenter of w in A (Alfsen, 1971).

We now define two subsets of Q,(%) that will be important in the
sequel.

Definition 3.1. An element @ of Q.(2) is said to have a separable
support if there exists a t-separable set D in & such that @(D)=1. The
collection of all such elements will be denoted by Qc(2).

An element @ of Q,(D) is said to have a compact convex support if
there exists a 7-compact convex subset D of A such that w(D)=1. The
collection of all such elements will be denoted by Q5{2).

It is easy to see that Q3(2) is a convex subset of Q,(Z). To see that
the set Q45(2) is convex, observe that the convex hull of the union of two
compact convex sets is again compact (Koethe, 1969). Obviously, for each
xeA the measure 5(x) belongs to both Q3(2) and Q(2).
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Theorem 3.2. If A is a nonempty convex subset of X, then for each
weQo(2) there exists x,€A such that

J J(x) o(dx)=f(xs)

for all fe 4.(A).

Proof. Let o be an arbitrary element of Q5(2). Then there exists a
compact convex subset I' of A such that o(I')=1. Let fe 4.(A) and neN be
arbitrary. Since T" is compact, there exists KeN such that f(I") = (K, K).
We now define a partition of T as follows:

. ‘y

P(f, n)={f"<[-—K+i, —K+J~1>>mr:j=o, ..., 2Kn— 1}
n n

Clearly, all elements D of P(f, n) belong to & and satisfy d( f(D))<1/n,

where d denotes the diameter function on 2%, For every finite subset F=

{fi,....fe} of A(A) and each neN, let P(F, n) denote the coarsest refine-

ment of the partitions P( f,,n), ..., P(fr,n), ie.,

k
P(F, n)={ﬂ D:: DieP(f;,n),i=1,... ,k}—{@}

i=1

let hg,: P(F, n) — I be a map that satisfies Ax,(D)eD for ali De P(F, n), and
let

xw;F,n= z hF,n(D)w(D)

DeP(F,n)

On the collection E of all such pairs (F, n) we introduce a partial order <
as follows:

(Fi,m) < (Fy,m)=FcF and ni<m

Obviously, (E, <) is a directed set, so that (xe.rx)Fmez becomes a net.
Since I' is compact, there exists an element x,, in I" and a directed subset
5, <X) of (E, <) such that

Xo=Ta—lM(xpg)eex

We claim that j(@)( f)=f(x,) for all fe A.(A):
Let feA.(A) and £>0 be arbitrary. Then there exists &,eZ’ such that
|f(x0.2) —f(x,) | < €&/2holds for all £eZ with &> £,. Moreover, there exists



1416 Schindler
(F, n)eZ’ such that (F, n) > &, feF, and 1/n<¢/2. We thus have
| /D))= fXwrn) | = ()W)~ Y f(hea(D))(D)|

DeP(F,n)
1
<o(l)-
n

£
< —
2

Hence |j(@)(f)—f(x,)| <e¢. This concludes the proof. W

Corollary 3.3. If A is a nonempty, r-compact convex subset of X, then
the domain of definition of the map j' is Q.(92).

Proof. 1If Ais T-compact, then Q5(2) coincides with Q,(2). The asser-
tion then follows from Theorem 3.2, observing that for each feX* the
restriction f|A belongs to 4.(A). R

In many applications the topology t will be induced by a norm ||- |
on X. A sufficient condition for all elements of Q5(2) to have a barycenter
in A is then given by the following theorem.

Theorem 3.4. If X is a Banach space and A is a nonempty, closed, and
bounded convex subset of X, then QL(%) is in the domain of definition
of j'.

Proof. We shall use the results on the Bochner integral listed in the
Appendix. In the present context, A, 9, and an arbitrary element @ of
Q,(2) take the roles of S, T, and u, respectively. We set s=sup{||x|: xeA}
and observe that the conditions of Lemma A.l and Theorem A.2 are met
by taking X=A, f=ida, Y=R, and g=s. Hence, the map ida is w-integrable
and we can define

Xo= j x w(dx)
A

Now, let L be an arbitrary element of X *. Then L o f=L o id, is w-measur-
able. Since L(A) is bounded, Lo f is w-integrable. It then follows from
Theorem A.3 that

L J x w(dx) ==j L(x) w(dx)
A A
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Assume that x,, does not belong to A. Then, since A is closed and convex,
there exists 2e X * and teR such that

MA) <t<h(x,)
[Koethe (1969), Separation Theorem]. On the other hand, we have

h(xy)= J h(x) o(dx) <t J w(dx)=t

A
Since this is a contradiction, we conclude that x,cA. W

Corollary 3.5. If X is a Banach space and A is a closed, bounded, and
separable convex subset of X, then the domain of definition of the map j’
is Q,(2).

Proof. If A is separable, then Q3(2) coincides with Q.(2). M

4. CONE BASE TRANSFORMATIONS

Asin Section 3, let (X, 7) be a Hausdorff locally convex space. However,
we now assume that A is a nonempty cone base in X that generates X [i.e.,
X=lin(A)]. Again, let 2 denote the o-algebra on A generated by the 74-
open subsets of A.

Definition 4.1. A map T: A — A is said to be a cone base transformation
(CBT) of A if it preserves convex combinations {i.e., if 7(tx+(1—1)y)=
tT(x)+(1—1)T(y) for all x, yeA and t€[0, 1]}.

Theorem 4.2. Every CBT T: A - A has a unique extension to a linear
transformation 7" of X.

Proof. We only sketch the proof [for a more detailed argument see
Gudder (1977), Theorem 2]. Since A is a cone base in X, every element y of
pos(A) — {0} determines a unique pair (x(y), #(y))eAX R, such that y=
t(¥)x(y). One then shows that the map T": pos(A) - pos(A), defined by

wpor 2 JIDTx()) i y#0

T (y)——{0 .
if y=0

is positive [i.e.,, T"(sy+tz)=sT"(y)+tT"(z) for all y,zepos(A) and
s5,teR.]. Since A is convex and generates X, every element z of X can be
represented in the form z=y—x, with x and y being suitable elements of
pos(A). After setting T7'(z) = T"(y)— T"(x), one shows that this definition
does not depend on the particular choice of the representing elements x and
¥, and that the map T': X — X is indeed linear. Since A generates X, this
extension is unique. M
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Definition4.3. A CBT T: A — Ais said to be continuous if it is a continu-
ous map from the topological space (A, 7,) into itself.

Since the o-algebra 2 is generated by the 7 -open subsets of A, all continu-
ous CBTs of A are 9-Z-measurable.

Let 7 be a CBT of A. For all xeA, De%, and weQ(2), we define
(Alfsen, 1971)

Pr(x, D)=6(Tx)(D) (5)
and
T(w)(D)=w(T~'(D)) (6)

Lemma 4.4. Assume that T is a continuous CBT of A. Then, for every
0we(2), T(w)(-) is again an element of Q,(%). More precisely, T maps
each of the sets Q.(92), Q5(2), and QL(2) affinely into itself.

Proof. The first statement is obvious. That the map 7'is affine on Q,(2)
is straightforward, too. Let @ be an arbitrary element of Q;(%). Then there
exists a separable set D in @ with w(D)=1. Since T is continuous, the set
T(D) is also separable and we have T(w)(T(D))= o(T~(T(D)) >
o(D)=1. Hence T maps Q5(2) affinely into itself. The last statement is
proved similarly, using the fact that the image of a compact convex set under
a continuous affine map is again compact and convex (Koethe, 1969). W

Lemma 4.5. Assume that T is a continuous CBT of A. Then the map
Pr:Ax 2 —>R is a Markov kernel, i.e., (i) for each xeA, Pr(x,*) is an
element of Q.(2); and (ii) for each De2, P;(-, D) is $-measurable.

Proof. Part (i) is obvious from the definition of Pr. (ii) Let D be an
arbitrary element of &, and let B be an arbitrary Borel set in R. We then
have

Pr(-, D) '(B)={xeA: Pr(x, D)eB}
={xeA: 8(Tx)(D)eB}
={xeA: 1p(Tx)eB}
& it Bn{0,1}=Q
A if {0,1}=B
T-Y(D) if 1eB,0¢B
T-Y(DY) if OeB,1¢B

Since T is Z-F-measurable, Pr(-,D)”'(B)e2. N
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The Markov kernel P associated with a continuous CBT of A defines
an affine transformation of Q,(2) as follows (Bauer, 1978):

FT(W):J w(dx) P(x, ) (N
A
Lemma 4.6. Assume that T is a continuous CBT of A. Then the two

affine transformations Pr and T of Q.(2) coincide.

Proof. Let @ and D be arbitrary elements of Q,(2) and 2, respectively.
We then have

Pr(w)(D)= J Pr(x, D) w(dx)

A
=J 1p5(Tx) w(dx)
A
=w(T~'(D))
=T(w)}D) W

In view of Lemma 4.4 we allow ourselves to also write 7 and P; when these
maps are considered on the restricted domains Q5(2) and Q5(2).

Theorem 4.7. For every CBT T of A the diagrams of (a) Figure 1 and
(b) Figure 2 are commutative.
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Fig. 2

Proof. (a) Let x and D be arbitrary elements of A and 2, respectively.
Then we have
T(6())(D)=8(x)(T~'(D))
=lr-1p)(x)
=1p(Tx)
=6(Ix)(D)
(b) Let x be an arbitrary element of A. Then, by (a), T(8(x)) = 5(Tx). Since
j'o 8d=ida, we obtain
T(x)=j'° & o T(x)
=j"«T-6(x) M

Theorem 4.8. For every continuous CB7 T of A the diagram of Figure
3 is commutative.

Proof. Let @ and f'be arbitrary elements of Q5(2) and X *, respectively.
Then there exists a t-compact convex subset D of & such that o(D)=1.
Since, by Theorem 4.2, the map 7: A— A is affine, fo T belongs to 4.(A).
Thus, by Theorem 3.2,

S T(j'(w)) =f fo T(x) w(dx)
A
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A A

Qs (D) (D)

o

Fig. 3
Let KeN be such that |f(x)| <K, for all xeD, Then

f FoT() o) =tm (—K+£>

no® g

X co((fo )™ ([—K+£, —K+-li1-)))
n n

2Kn—1 l
=lm Y <~K+—)

n=00 g n

(e etes)

=J fx) (To)(dx)

=j(Tw)(f)
=f(j > T(»))
This shows that T j'(w) =" - T(w), for all 0eQ5(2). M

Corollary 4.9. If A is 7-compact and T: A — A is a continuous CBT of
A, then the diagram of Figure 4 is commutative.

The following theorem pertains to the case when the topology 7 is
induced by a norm and the probability measures of interest are those with
a separable support. Its proof is postponed to the end of the section, since
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0,(D) ! Q,(D)

Fig. 4

it requires a few preliminary considerations about the continuity properties
of the linear extension 7" of a CBT T.

Theorem 4.10. Assume that the topology 7 is induced by a norm |- ||
and that (X, |- || ) is a Banach space. If A is closed and bounded and there
exists feX* such that f(A)= {1}, then the diagram of Figure 5 is commut-
ative for every CBT T: A —> A.

Corollary 4.11. Assume that the topology 7 is induced by a norm |- |
and that (X, |- || ) is a separable Banach space. If A satisfies the same condi-
tions as in the preceding theorem, then the diagram of Figure 4 is commut-
ative for every CBT T: A — A.

i
H

125(D) 25(D)
Fig. §
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The following results are needed for the proof of Theorem 4.10.

Lemma 4.12. Let X be a normed space, and let A be a closed, bounded,
convex subset of X such that f(A)={1}, for some feX*. Then: (i) the set
A is a cone base in X; and (i1) the cone pos(A) is closed.

Proof. From f(A)={1} it follows that f(aff(A))={1}. Hence
0¢aff (A). This proves (i). (ii) Let (x,).en be a sequence in pos(A) converging
to an element x of X. Then there exist sequences { ¥,)qen in A and (£,),en in
R. such that x,=1t,y,. Since f(x)=lim,_ f(x,)=lim,., t.f(y,), and
f(A)={1}, it follows that #,—f(x). Hence f(x)=>0. If f(x)=0, then
(Xx)nen converges to 0 in norm, since [x.|=t,y.l <t.K, where K=
sup{|[y|: yeA}. Thus, in this case x belongs to pos(A). If f(x)>0, then
(¥)nen converges to x/f(x) in norm:

Let £>0 be arbitrary. Then there exists NeN such that

[t,—f(x)| <&f(x)/2K and |x—x,| < &f(x)/2, for all n> N. Thus, we have

x
™ Vn _jT lx=f(x)pal
<}(~)(l|x nyn“_{—thyn_f(x)yn“)
1 <sf(x) LW K)
f)\ 2 2K
=g

for all n>N. Since A is closed, we conclude that x/f{x)eA. Hence,
xepos(A). W

Theorem 4.13. Let (X, |- ||) be a real Banach space and suppose that
A is a closed, bounded, convex subset of X such that (i) X =1lin(A); and (ii)
there exists feX* with f(A)={1}.

Then the Minkowski functional p,cena) is @ norm on X, equivalent
to |- 1.

Proof. Let the closed unit ball of X be denoted by X, and let 4 denote
the closure of a set 4 in X. From the previous lemma it follows that pos(A)
is closed. Moreover, since lin(A) =X, pos(A) is generating. For each ceR.
we set

P.={xepos(A): | x| <c}
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and
B.=acon(P,)
Since pos(A) is generating,

X=) nB.
neN
holds for all ¢> 0. Now, let ¢ be an arbitrary positive number. It then follows
from the Baire category theorem that one of the sets nB, has an interior
point (Dunford and Schwartz, 1958). Since this set is convex and symmetri-
cal about 0, it then also contains 0 as an interior point. Hence there exists
y >0 such that X, cyB,, and for all xeX we have

1
;pszs xf <cps,

(the inequality to the right being a consequence of B,<cX;). This shows
that for all ¢>0 the Minkowski functional pg; is a norm on X, equivalent
to ||- ||. Since the triple (X, ||- ||, pos(A)) satisfies all conditions of Theorem
A.4, we conclude that the statement

P3.= Ps.

holds true for ¢=1. However, B,=cB, for all ceR, so that the statement
holds true in general. Since A is bounded and there exists fe X * with f(A) =
{1}, there exist constants 0 <a<b such that a<| x| <b for all xeA. It is
easily seen that B,cacon(A)< B,,. For all xeX we thus have

1
5 x| <p5, (X) = P5,(X) < Pacon(a)(X) < pa(X) = pg,(x) < | x|l

where «a is chosen such that X; = aB,. This concludes the proof. M

Corollary 4.14. Let (X, |- | ) be a real Banach space and suppose that
A is a closed, bounded, convex subset of X satisfying the conditions (i)
and (ii) of the preceding theorem. Then every CBT T: A — A has a unique
extension to a continuous linear transformation 7" of X.

Proof. Let T be an arbitrary CBT of A. Then, by Theorem 4.2, 7 has
a unique extension 7" to a linear transformation of X. We have to show that
T’ is continuous: By the preceding theorem, there exist 4, >0 such that

apacon(A)(-x) < ”)CH <bpacon(A)(x)
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for all xeX. Now, let x be an arbitrary element of X. Then
xe(|lx|/a) acon(A)
Since 7" maps acon(A) into itself, we also have 7"(x)e (]l x| /a) acon(A). On
the other hand, ye(|x|/a) acon(A) implies that
211/ < paconar(¥) < |l x| /2
Hence [T'(x}| <(b/a)|x|. W
We now proceed to the proof of Theorem 4.10.

Proof of Theorem 4.10. Let @ be an arbitrary element of Q}(2), and
assume that 7: A — A is a CBT. Let further g be an arbitrary element of X *,
Then, as a consequence of Corollary 4.14, g - 7" belongs to X *, too. As in
the proof of Theorem 3.4, we shall use the results on the Bochner integral
listed in the Appendix. Again, we let A, 9, and an arbitrary element @ of
(D) take the roles of S, %, and p, respectively. Moreover, we set X =A,
Y=R, f=ida, and L=g - T'. Having the proof of Theorem 3.4 in mind, it
is easy to see that thereby the conditions of Theorem A.3 are satisfied. Hence
we have

goT'(j(w))=g-T' j x w(dx)

A

=J g° T'(x) o(dx)

A

As in the proof of Theorem 4.8, one then shows that
f g°T'(x) w(dx)=J g(x) (Tw)(dx)
A A

=j(T(@))(g)
=g(j'» T(w))
This proves that Toj'(w)=/" - T(w). M

5. STATE SPACE TRANSFORMATIONS

In this section we apply the results of the previous sections to the state
spaces of noncommutative measure theory and to their transformations.

Throughout the section let (L, <, ') denote an orthomodular poset. In
its most general definition, a state space over L is a nonempty convex subset
A of Q(L) (Fischer and Riittimann, 1978; Mielnik, 1974).
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Let A be a state space. Since A is convex, it is the base of a generating
cone in lin(A). It is not hard to show that the Minkowski functional
Pacon(ay ON 1in(A) provides a norm, which we shall denote by || 4. A norm
that can be defined on J(L) and all its subspaces is the variation norm:

lpllo=sup{u(p) —u(p'): peL}

Notice that [ju|l,< | ]la holds for all uelin(A). We also consider the topol-
ogy t of pointwise convergence on J(L) and its subspaces [i.e., a net (i) of
elements of J(L) converges to uJ(L) in the topology 7 if us(p) — u(p) for
all peL). Considering J(L) as a subspace of R”, T appears as the relative
topology on J(L) of the product topology on R”. It then follows from the
Tychonov theorem that Q(L) is 7-compact. Since every r-open neighbor-
hood U of 0 in J(L) contains a set of the form {geJ(L): |u(p;)| <1/N,i=
l,...,n}, where py, ..., p, are suitable elements of L and N is a suitable
natural number, the set Q(L) and all its subsets are r-bounded. Moreover,
since |[p]la= i), for all yuelin(A), the set A is bounded in both norms.
Notice also that |- |,-convergence implies || - ||,-convergence and || - ||,-con-
vergence implies 7-convergence. For more details, see, e.g., Riittimann
(1979, 1985), Schindler (1986), and Zierler (1959).

Cone base transformations of a state space A will be referred to as state
space transformations. Thus, all we require of a state space transformation
is that it preserve mixtures (convex combinations) of states. Since the unit
ball of the normed space (lin(A), || - |a) coincides with the intersection of the
sets (1+1/n) acon(A), neN, the unique linear extension 7" of a state space
transformation T is |- | a-continuous.

Theorem 5.1. Let A be a state space over L, and let 2 denote the o-
algebra on A generated by the r-relatively open subsets of A. Suppose that
T: A — A is a t-continuous state space transformation. Then the diagram in
Figure 3 is commutative. If, in addition, A is 7-closed, then the diagram in
Figure 4 is commutative.

Proof. The first part of the above theorem is only a paraphrase of
Theorem 4.8. Assume that A is 7-closed. Then, as a subset of the 7-compact
set (L), A is also t-compact. Thus, Corollary 4.9 applies. W

It is easy to see that in the special case when A equals Q(L), resp.
Q. (L), resp. Q.(L), every homomorphism, resp. o-homomorphism, resp. c-
homomorphism, ® from (L, <, ') to itself induces a 7-continuous state space
transformation T of Q(L), resp. Q. (L), resp. £.(L), according to

T(p)(p)=p(®(p))
for all peL.
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If the state space transformation 7: A - A under consideration is not
7-continuous, then it is often possible to apply Theorem 4.10 in the following
form:

Theorem 5.2. Let A be a state space over L, and let lin(A) be endowed

with one of the norms |- [|={-{laor |- | =1 " Il,. Let & denote the o-algebra
on A generated by the | - ||-relatively open subsets of A. Assume that A is
|- ll-closed and lin(A) is complete with respect to the norm | - ||. Then the

diagram in Figure 5 is commutative for every state space transformation
T: A — A If, in addition, lin(A) is || - |-separable, then the diagram in Figure
4 is commutative.

Proof. Let lin(A)* denote the dual of the Banach space X =lin(A). We
have shown that A is || - |-bounded. Let f; be the linear functional on lin(A)
defined by fi(u)=p(l), pelin(A). Clearly, f; is t-continuous and thus also
belongs to lin(A)*. Since f1(A)= {1}, we see that X and A satisfy all condi-
tions of Theorem 4.10 with respect to the norm | - ||. This proves the first
part of the theorem. If, in addition, lin(A) is || - |-separable, then we apply
Corollary 4.11 to prove the second part of the theorem. W

If A is a nonempty section of Q(L) [i.e., A=aff(A) ~nQ(L)], and if A is
o-convex (i.e., for all sequences (x,,) in A and all sequences (,) in R, with
S ta=1, there exists xeA with x=7~limy_ o Zf:;l 1.X,], then lin{A) is
complete with respect to the norm |- ||, (Riittimann and Schindler, 1987).

Let A be any of the sets Q(L), Q. (L), or QL). Then A is a o-convex
section of Q(L) (Riittimann and Schindler, 1987). Thus, (Lin(A), |- |[») is a
Banach space. Since Q(L) is 7-closed and A equals Q(L) nlin(A), it follows
that A is || - | a-closed. Hence we obtain the following theorem.

Theorem 5.3. Let A be any of the sets Q(L), Q,(L), or Q(L), and
assume that A is nonempty. Let 2 denote the o-algebra on A generated
by the | - ||a-relatively open subsets of A. Then the diagram in Figure 5 is
commutative for every state space transformation 7: A — A. If, in addition,
lin(A) is || - [[s-separable, then the diagram in Figure 4 is commutative.

We conclude this section with an example.

Let H be a complex Hilbert space, and let L denote the set of all
orthogonal projections on H. Then the order P < Q< P=PQ (=QP) makes
L into a complete lattice with idy as the largest and the 0-projection as the
smallest element. Together with the orthocomplementation P'=idy— P, the
pair (L, <) forms a complete orthomodular lattice (Gudder, 1979). Let
A =Q.(L). As a consequence of the Gleason theorem, there exists a linear
isomorphism ¥ from the real vector space lin(A) onto the real vector space
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T (H) of self-adjoint trace class operators on H, satisfying

U(P)=tr(¥(u)P)

for all PeL and p elin(A). This isomorphism maps A onto the set Z(H) of
von Neumann density operators [i.e., positive elements of 7 ,( H) with trace
norm 1]. More precisely, the map W is an isometrical isomorphism between
the two Banach spaces (lin(A), |- |z) and (T w(H), || |x), where || |«
denotes the trace norm. For more details see Gleason (1957) and Riittimann
(1957).

Theorem 5.4. Let H be a complex Hilbert space. Let X denote the real
vector space of self-adjoint trace class operators on H and let A stand for
the convex set 2(H) of von Neumann density operators on H. Let further
9 denote the o-algebra on A generated by the || - ||,-relatively open subsets
of A. Then A is the base of a generating cone in X and for every cone base
transformation T: A — A the diagram in Figure 5 is commutative. If H is
separable, then the diagram in Figure 4 is commutative.

Proof. Notice that T ,(H)=Ilin(A) and |- |«=]"a. Since ¥ is an
isometrical isomorphism between the real Banach spaces (lin(A), |- | z) and
(7 w(H), || |v), mapping A onto A, the first part of the theorem follows
from the first part of Theorem 5.3. If H is separable, then 7 .,(H) contains
a countable | - [|~dense subset of operators of finite rank and the second
part of Theorem 5.3 applies. M

APPENDIX

This Appendix is meant to provide a short review of the basic results
on the Bochner integral used in the paper. For a detailed treatment of these
topics we refer to Dunford and Schwartz (1958) and Yosida (1966). For the
sake of completeness we also include a result on base normed spaces used
in Section 4.

Let (S, Z, u) be a positive measure space with u(S)< oo, and let X be
a Banach space. Let further 4(X) denote the Borel o-algebra on X (ie.,
the o-algebra generated by the open subsets of X). A £-%(X )-measurable
function /% S — X is called u-simple if there exists a finite subset F of X such
that p(f~'(F))=u(S). In this case the integral of f over S is given by
S er 2t (7).

A function f: § — X is said to be u-measurable if there exists a sequence
of u-simple functions 4,:S — X converging to fin g-measure. The function



State Space Transformations 1429

fis called p-integrable if, in addition,

n,n—> 0

lim J | (8) = Bn(s) | p2(ds)=0
N

The integral of f over S is then defined as the limit in X of the sequence
§shnls) p(ds).

Lemma A.1. Let X and Y be Banach spaces and suppose that /2 S— X
and g: S — Y are both y-measurable. If g is u-integrable and [ f(s)]| < llg(s) |
holds u-a.e., then fis u-integrable.

For a proof see Dunford and Schwartz (1958), pp. 1171f.

Theorem A.2. A function f: S — X is u-measurable if and only if (i)
is p-essentially separably valued (i.e., there exists a y-null set N such that
S(S—N) is separable in X); and (ii) for every x*eX*, x*fis u-measurable.

For a proof see Dunford and Schwartz (1958), pp. 149ff.

Theorem A.3. Let X and Y be Banach spaces. Assume that £ § — X is
a u-integrable function and that L: X — Y is a continuous linear operator.
If Lofis also p-integrable, then L [ f(s) p(ds)= [, L < f(s) u(ds).

For a proof see Dunford and Schwartz (1958), pp. 153fT.

Theorem A.4. Let (X, |- ||) be a real Banach space with a closed gener-
ating cone P. Let P; denote the set {xeP:|x|<1}, and set B=
conv(P, U —P;). Then the Minkowski functional ps(-) is a norm on X,
equivalent to || - |. Moreover, pp coincides with |- | on P, and || - || —cl B<tB
holds for all £>1. Thus, the two Minkowski functionals p,. -z and pg
coincide.

An equivalent version of this theorem is proved in Asimov and Ellis
(1980), p. 32.
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